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Abstract
We investigate nonexistence results of nontrivial solutions of fractional diﬀerential
inequalities of the form
(FSmq ):
{
Dq0/txi –H(λixi)≥ |η|αi+1 |xi+1|βi+1 , (η, t) ∈HN× ]0, +∞[, 1≤ i ≤m,
xm+1 = x1,
where Dq0/t is the time-fractional derivative of order q ∈ (1, 2) in the sense of Caputo,
H is the Laplacian in the (2N + 1)-dimensional Heisenberg groupHN , |η| is the
distance from η inHN to the origin,m≥ 2, αm+1 = α1, βm+1 = β1, and
λi ∈ L∞(HN× ]0, +∞[), 1≤ i ≤m. The main results are concerned with Q≡ 2N + 2,
less than the critical exponents that depend on q, αi , and βi , 1≤ i ≤m. For q = 2, we
deduce the results given by El Hamidi and Kirane (Abstr. Appl. Anal. 2004(2):155-164,
2004) and El Hamidi and Obeid (J. Math. Anal. Appl. 208(1):77-90, 2003) from the
hyperbolic systems. Form = 1, we study the scalar case
(FIq): Dq0/tx –H(λx)≥ |η|α|x|β ,
where β > 1, α are real parameters. In the last case, for q = 2, we return to the
approach of Pohozaev and Véron (Manuscr. Math. 102:85-99, 2000) from the
hyperbolic inequalities.
MSC: 35A01; 35B33; 35R03; 35R11; 35R45
Keywords: critical exponent; fractional derivative; Heisenberg group; evolution
inequalities; test function method
1 Introduction
Pohozaev andVéron [] have established the question of nonexistence results for solutions






it is shown that no weak solution x exists provided that
∫
RN+
x(η)dη ≥ , α > – and  < β ≤ Q +  + αQ –  ()
© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
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vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
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In [], El Hamidi and Kirane presented analogous results for a system of m hyperbolic








∂t –H(λixi)≥ |η|αi+ |xi+|βi+ ,
(η, t) ∈HN× ], +∞[, ≤ i≤m,
xm+ = x,
()
and expressed the Fujita exponent (see [–]), which ensures the system (HSm) admits no
solution deﬁned in HN whenever Q ≤  + max(X,X, . . . ,Xm), where (X,X, . . . ,Xm)T for
the solution of the linear system ().
Their results have been generalized by El Hamidi and Obeid [] to a system of m semi-








∂tk –H(λixi)≥ |η|αi+ |xi+|βi+ ,
(η, t) ∈HN× ], +∞[, ≤ i≤m,
xm+ = x, k = , , . . . ,
()
where they proved that the system (Smk ) admits no solution deﬁned in HN whenever Q ≤
( – k ) + max(X,X, . . . ,Xm). Diﬀerent works on the importance of inequalities can be
found in [, ].
In this paper, we generalize these results (for (HSm)) to an evolution system with tem-







Dq/txi –H(λixi)≥ |η|αi+ |xi+|βi+ ,
(η, t) ∈HN× ], +∞[, ≤ i≤m,
xm+ = xq ∈ (, ),
()
and we show under certain initial conditions that the system (FSmq ) admits no solution
deﬁned in HN whenever Q <Q•q = ( – q ) + max(X,X, . . . ,Xm).
This paper is organized as follows. In Section , we present some essential facts from
fractional calculus, more precisely, the deﬁnitions of the fractional derivative in the sense
of Riemann-Liouville and in sense of Caputo and their relationship between them, for
some new senses: the reader may refer to [–]. We also give some preliminaries as re-
gards the Heisenberg group HN and the operator H. In Section , we study the case of
two inequalities. In Section , we study the general case ofm > , and in the last Section ,
we study the scalar case.
2 Notation and preliminaries
In this section, we present some known facts about the time-fractional derivativeDq/t , the
Heisenberg group HN and the operator H.
The left-sided derivative and the right-sided derivative in the sense of Riemann-Liouville






















(σ – t)q– dσ ,
where 	 is the Euler gamma function.
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If ψ ′′ ∈ L(,T), the derivative in the sense of Caputo of order q ∈ (, ) is deﬁned by




(t – σ )q– dσ ,
which is related to the Riemann-Liouville derivative by
Dq/tψ(t) =Dq/t
(
ψ(t) –ψ() – tψ ′()
)
.


















o/tψ , q ∈ (, ), ()
D+qt/Tψ = –DD
q
t/Tψ , q ∈ (, ), ()










(σ – t)δ dσ
)
. ()
More details of fractional derivatives can be found in [, , ]; see also [–].




η = (x, y, τ ) ∈RN ×RN ×R}
equipped with the group operation ‘◦’ deﬁned by
η ◦ η˜ =
(







η = (x, y, τ ) = (x,x, . . . ,xN , y, y, . . . , yN , τ ),
η˜ = (x˜, y˜, τ˜ ) = (x˜, x˜, . . . , x˜N , y˜, y˜, . . . , y˜N , τ˜ ),
this group operation makes Hn have the structure of a Lie group.





Xi + Y i
)
, ()






































The operator H is a degenerate elliptic operator satisfying the Hörmander condition




x(η ◦ η˜)) = (Hx)(η ◦ η˜) ∀(η, η˜) ∈HN ×HN .
















We also know that the operator H is homogeneous of degree  relative to the distance
δλ given in (), that is,
H = λδλ(H).














(xi + yi )
ρ
and Q = N + .
The number Q deﬁned above is called the homogeneous dimension HN .
We also identify the pointsHN with those ofRN+, and we refer to the natural measure-
ment of Hâar in HN similar to that of Lebesgue dη = dxdydτ in RN+. Readers can refer
to [–] for more details of the analysis of the Heisenberg group.
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3 Systems of two inequalities






Dq/tx –H(λx)≥ |η|αH |y|β in Hn ×R+,
Dq/ty –H(λy)≥ |η|αH |x|β in Hn ×R+,
()
whereDq/t denotes the time-fractional derivative of order q ∈ (, ), in the sense of Caputo.
The functions λ and λ introduced in () are assumed to be measurable and bounded
functions on Hn × R+, where the exponents α, α and β,β >  are real numbers. We
denote by Dq/t , the time-fractional derivative of order q ∈ (, ) in the sense of Riemann-
Liouville. The following holds.
Deﬁnition . Let λ and λ be two bounded measurable functions in QT = RN+ ×
(,T). A weak solution (x, y) of the system (FSq) with positive initial data x,x, y, y ∈
Lloc(RN+) is a pair of locally integrable functions (x, y) such that (x, y) ∈ Lβ (QT ,
|η|α
H
























for any nonnegative test function ϕ ∈ Cc (QT ), such that ϕ(·,T) =Dq–t/T ϕ(·,T) = .
Remark . We assume that the integrals in () are convergent. In Deﬁnition ., if T =
+∞, then the solution is called global.
Theorem . Assume that








(α + ) + β(α + ),β(α + ) + (α + )
)
.
Then there is no weak nontrivial solution (x, y) of the system (FSq).
Proof By contradiction, we suppose (x, y) to be a nontrivial weak solution of (FSq), which
generally exists in time, that is, (x, y) exists in (,T∗) for an arbitrary T∗.
Let T and R be two positive real numbers such that  < TR < T∗.
Since the initial data x, x, y, y are nonnegative, and Dq–t/T ϕ ≥  (from ()), the varia-
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Next, C denotes a constant which may vary from line to line but is independent on the













































































ββ ≤ CA β B. ()
Now, we take
ϕ(η, t) = ϕ(x, y, τ , t) =
(
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where  ∈D(R+) is a smooth nonnegative test function which satisﬁes ≤  ≤  and
(r) =
{
 if r ≥ ,
 if ≤ r ≤ . ()








N + (θ – )
)(|x|(θ–) + |y|(θ–))










θ + |x|θ + |y|θ + t
R
to estimate A, B (in () and ()), by changing variables: (η, t) = (x, y, τ , t) −→ (η˜, t˜) =
(x˜, y˜, τ˜ , t˜) where




(η˜, t˜) = (x˜, y˜, τ˜ , t˜) ∈HN ×R+ : τ˜  + |x˜| + |y˜| + t˜θ < }.
Therefore,
∣∣Hϕ(η˜, t˜)∣∣ ≤ C
R θ
∀(η˜, t˜) ∈ . ()
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We choose θ as the right-hand side of () and () which are of the same order in R. For

















































































































This condition is equivalent to








(α + ) + β(α + ),β(α + ) + (α + )
)
.
Finally, let R → ∞, taking into account the estimations (), () or (), () and using














|y|β dηdt ≤ . ()
Therefore, x≡  and y≡ , which is a contradiction. 
Corollary . Assume that



















Then there is no weak nontrivial solution (x, y) of the system (FSq).
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(α + ) + β(α + )
β(α + ) + (α + )
)
. 
4 Systems ofm inequalities
Let (X,X, . . . ,Xm)T be the solution of the linear system
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
– β  . . . 
 – β
. . . ...
... . . . . . . . . . 
  . . . . . . βm–































Dq/txi –H(λixi)≥ |η|αi+ |xi+|βi+ ,
(η, t) ∈HN× ], +∞[, ≤ i≤m,
xm+ = x,
where βm+ = β, αm+ = α, and the initial data are{
xi(η, ) = x()i , ≤ i≤m,
∂xi
∂t (η, ) = x
()
i , ≤ i≤m.
Deﬁnition . Let λi, i ∈ {, , . . . ,m} be m bounded measurable functions in QT =
R
N+ × (,T). A weak solution (x, . . . ,xm) of the system (FSmq ) with positive initial
data (x()i ,x
()
i ) ∈ (Lloc(RN+)), i ∈ {, , . . . ,m}, is a vector of locally integrable functions






























t/T ϕ()dη ≤ 
()
for any nonnegative test function ϕ ∈ Cc (QT ), such that ϕ(·,T) =Dq–t/T ϕ(·,T) = .
Theorem . If the following hypothesis holds:




+ max(X,X, . . . ,Xm),
then the system (FSmq ) does not have any weak nontrivial solution.
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Proof The proof is to be reduced to the case m = , the general case can be extended
similarly.
Let (x,x,x) be a nontrivial weak solution of (FSq), as explained in the proof of Theo-






























































































β′i , i = , , .








































Applying the test function ϕ (), and changing of variables (), given in the proof of
Theorem ., we obtain
Ai ≤ CRσi , i = , , ,
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such that






, i = , , .


































To end, the exponents of R in (), (), and () are strictly less than zero if and only if






















We conclude that (x,x,x)≡ (, , ). This contradicts the assertion. 
5 The scalar case
Let us consider the inequality of the form
(FIq):
{
Dq/t(x) –H(λx)≥ |η|αH|x|β for (η, t) ∈HN ×R,
x(η, ) = x(η)≥ , ∂x∂t (η, ) = x(η)≥  for η ∈HN ,
()
where λ = λ(η, t) is a function deﬁned andmeasurable inRN+×R+ and α, β > , q ∈ (, ),
are real parameters.
Deﬁnition . A local weak solution x of the diﬀerential inequality () in QT =RN+ ×
(,T), with positive initial data x,x ∈ Lloc(RN+), is a locally integrable function such










x(η)Dq–t/Tϕ()dη ≤  ()
for any nonnegative test function ϕ ∈ Cc (QT ) such that ϕ(·,T) =Dq–t/T ϕ(·,T) = .
Remark . As in Deﬁnition ., it is assumed that the integrals in () are convergent.
In Deﬁnition ., if T = +∞, the solution is called global.
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Theorem . Let N ≥  and β > . Assume that
α > – and  < β < q(Q + α) + q(Q – ) +  , ()
then there is no weak nontrivial solution x of the system (FIq).
Proof The proof is based on an appropriate choice of the test function. Suppose the prob-
lem () has a nontrivial global weak solution x, let T , R, and θ >  (which will be given
later) be three positive reals, let ϕ be a smooth nonnegative test function, since the initial













The test function ϕ should be given to ensure that
∫
QTR/θ
(∣∣Dqt/Tϕ∣∣β ′ + |Hϕ|β ′)(|η|αHϕ)–β ′/β dηdt <∞.














































































ϕ(η, t) = ϕ(x, y, τ , t) =
(
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[|x| + |y|], ()
where
ρ = τ + |x|
 + |y| + |t|θ
R .
To estimate the right-hand side in (), we again change the variables,
t˜ = R–/θ t, τ˜ = R–τ , x˜ = R–x, y˜ = R–y,
we put
ρ˜ = τ˜ + |x˜| + |y˜| + t˜θ .
To guarantee that supp ⊆ , we assume that
 =
{
(η˜, t˜) = (x˜, y˜, τ˜ , t˜) ∈RN+ ×R, ρ˜ ≤ }.
Therefore,
∣∣Hϕ(η˜, t˜)∣∣ ≤ CR ∀(η˜, t˜) ∈ , ()
from dηdt = RN++/θ dη˜dt˜, |η|H = R|η˜|H, and |Dqt/TR/θ ϕ| = R
–q













|H ◦ ρ˜|β ′
(|η˜|α
H













∣∣Dqt/T ◦ ρ˜∣∣β ′(|η˜|αH ◦ ρ˜)–
β′
β dη˜dt˜. ()












(∣∣Dqt/T ◦ ρ˜∣∣β ′ + |H ◦ ρ˜|β ′)(|η˜|αH ◦ ρ˜)–
β′
β dη˜dt˜.
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In the case that
 < β < q(Q + α) + q(Q – ) +  ,








|x|β dηdt = . ()
Thus, x≡ , and this contradicts the fact that x is a nontrivial solution of (). 






x(η)Dq–t/T ϕ()dη ≥ .
Remark . The assertion α > – and  < β < q(Q+α)+q(Q–)+ is equivalent to Q < ( – q ) + α+β– ,
whichmotivates that Theorem . is a special case of Theorem . (in other words (FIq)≡
(FSq)).






studied by Pohozaev and Véron [].
Remark . By assuming q→ ∞, then it is easy to ﬁnd the well-known critical exponent
β∞ = Q+αQ– for the elliptic inequalities [, ].
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